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VIOLATIONS OF ERGODICITY AS OBSERVED IN
QUANTUM CHAOTIC SYSTEMS AND COULOMB
BLOCKADE PEAK HEIGHTS
Abstract
by Nicholas Robert Cerruti, Ph.D.

Washington State University
December 2000

Chair: Steven Tomsovic

Quantum systems that are classically chaotic were conjectured to follow the ergodic
hypothesis stating that time averaging is equal to energy averaging. This dissertation inves-
tigates systematic deviations from this hypothesis in quantum chaotic systems and Coulomb
blockade peak heights.

The first part of this dissertation contains a semiclassical analysis of the response of
eigenvalues to a perturbation in quantum chaotic systems. The variance of the response is
related to a classical diffusion coefficient. Also, we developed a new measure that sensitively
probes phase space localization properties of the eigenstates based upon a correlation between
the eigenvalues and the eigenfunctions. In the ergodic model, the correlation is predicted to
be zero, i.e. no localization of the eigenfunctions. However, we find large deviations from
ergodic theory based on classical orbits of the system.

The second part of this dissertation deals with quantum dots and an effect known as

Coulomb blockade. Current can flow only if two different charge states of a quantum dot are

iv



tuned to have the same energy; this produces a peak in the conductance of the dot whose
magnitude is directly related to the magnitude of the wave function near the contacts of the
dot. Since dots are generally irregular in shape, the dynamics of the electrons are chaotic,
and the characteristics of Coulomb blockade peaks reflect those of wave functions in chaotic
Systems.

We developed a semiclassical theory of Coulomb blockade peak heights and showed that
the dynamics in the dot lead to a large modulation of the peak heights. The corrections
to the standard statistical theory, which assumes ergodicity, of peak height distributions,
power spectra, and correlation functions are non-universal and can be expressed in terms
of the classical periodic orbits of the dot that are well coupled to the leads. The resulting
correlation function oscillates as a function of peak number in a way defined by such orbits;

in addition, the correlation of adjacent conductance peaks is enhanced.
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Chapter 1

Introduction

During the early development of quantum mechanics, the general notion of different
“types” of quantum systems first emerged. Einstein, in 1917, recognized that classical chaotic
motion such as found in the helium atom could not be quantized in the same way as hy-
drogen [1]. His paper and ideas seemed to go unnoticed for many decades. In the interim,
Wigner was developing a statistical approach to make generalizations about the eigenvalues
of complex nuclei [2]. His work later led to the concepts of ergodicity in quantum systems,
whereas Einstein’s insight led to the concepts of “quantum chaos.”

It was once believed that if a classical system is chaotic, then the corresponding quantum
system would obey ergodic theory. This is true as a first approximation in many asymptotic
limiting processes (short wavelength, high energy, ...), but a richer display of features can be
found in these systems. This dissertation examines some specific examples of how classical
motion causes deviations from ergodicity in quantum mechanics. We will begin by defining
chaos as it pertains to classical mechanics and then make some comments about chaos in
quantum systems.

Classical dynamics can be classified with two extreme limiting cases: integrability and
chaos. Most physical dynamical systems lie somewhere between the two, commonly called the
“mixed” regime containing both stable and unstable motion. For integrable systems there is a

constant of motion for each of the system’s degrees of freedom, d. This confines the dynamics



to a d-dimensional surface in the 2d-dimensional phase space as defined by the action-angle
variables. In contrast, chaotic systems have much more complicated trajectories. Measure
one of the trajectories in a chaotic system are unstable, i.e. any two arbitrarily chosen nearby
points will exponentially diverge from each other.

In quantum mechanics, the dynamics are solely governed by the Schrédinger equation
which does not include any information about the classical orbits. The concept of a phase
space does not exist in quantum mechanics. Due to the Heisenberg uncertainty principle,
the solutions are probabilistic whereas in classical mechanics deterministic solutions can be
found. An integrable quantum system has one good quantum number for each degree of
freedom. On the other hand, there are no parallels with classical mechanics for a quantum
chaotic system. It has been suggested that quantum evolution cannot exhibit chaos and, thus,
there is no “quantum chaos.” This seems contrary to the many observations of quantum
chaotic systems behaving differently from those that correspond te classically integrable
system. For example, the distributions of the spacings of the eigenvalues obey different
statistics [3]. It is these systems which are of interest to a number of physicists and engineers,
since all but a handful of systems contain some regions of chaos. In addition, the theories
developed for quantum chaos apply to wave chaos in general and are applicable to fields such
as acoustics, oceanography and optics.

The correspondence between quantum and classical systems can be achieved by the use
of semiclassical physics which utilizes classical information such as trajectories (rays) and

actions (phases) to gain insight into quantum mechanical phenomena. The construction of



the wave functions is well understood for integrable systems where the quantization can be
accomplished by the method of EBK (Einstein-Brillouin-Keller) [1, 4, 5], though it may be
difficult to implement. For chaotic systems the quantization is complicated. Initially, only
the density of the eigenvalues could be adequately reproduced [6] which involves only periodic
orbits. More recently individual eigenstates could be semiclassically constructed [7] using a
different set of classical orbits. These results are surprising since the orbits involved in these
calculations have zero measure compared with the other trajectories that ergodically explore
the available phase space in a chaotic system. The use of only small subsets of the complex
trajectories in a chaotic system gave rise to some hope for describing events in quantum chaos
via semiclassical mechanics. Another important accomplishment of semiclassical theory is in
the propagation of states beyond times previously thought to be feasible by such methods [8]-

In the next chapter we will define what it means for a quantum system to behave ergodi-
cally and briefly review some of the tools and measures used in quantum chaos to determine
if a system is acting ergodically. These include the use of Wigner transforms which represent
the wave functions in a pseudo-phase space. The larger than expected values of the wave
function in the pseudo-phase space is known as phase space localization and is one way to
observe deviations from ergodic expectations. The rest of this dissertation examines areas in
quantum chaos where violations of ergodicity occur. We begin with a more abstract model
using maps and infinite wells and in latter part we use a more applied model consisting of

quantum dots.

The first part of this dissertation uses parametric variations to examine phase space lo-



calization in quantum chaotic systems. The parameter being varied, A, is usually defined
as, but not restricted to, a perturbation to the Hamiltonian, H = Hy + A¥;. Parametric
variations have been previously used to study the eigenstates and the statistiics of the eigen-
values in chaotic systems. Many of these studies have shown agreement w-ith the ergodic
theory. Here is a partial list of some of those works. A new statistic, the parametric number
variance, was developed which measures the correlation of fluctuations in en-ergy levels as a
parameter is varied [9]. The statistical properties of nonintegrable and chaotic- energy spectra
when parametrically varied were found to obey the ergodic model {10]. Also, the parametric
motion of energy levels was statistically analyzed and was in good agreememt with numer-
ical data from the magnetized hydrogen atom and ergodic theory [11]. Certain correlators
in disordered systems were discovered to depend only upon the symmetries of the systems
after a rescaling was done [12, 13]. The distribution function of parametric derivatives of
energy levels in quasi-1D systems (quantum kicked rotator, “domino” billiard, disordered
wire, etc.) was derived [14]; the statistics of the derivatives were linked to th_e extent of the
eigenfunctions. Phase space localization was explored using a correlation bet-ween paramet-
rically varied eigenenergy levels and overlap intensities [15]. Parametric varia.tions have also
been used to explore the localization properties in disordered metals. The density of states
using parametric variations in the Anderson model has been studied [16].

We use parametric variations of quantum chaotic systems to show how edigenvalues and
eigenstates deviate from ergodicity in chapters 3-5. These chapters are papers either pub-

lished in Physical Review E or in press. The two types of Hamiltonian systems studied here



are conservative continuous or time-dependent discrete quantum maps. With the help of
Arul Lakshminarayan who worked out the theory for the quantum maps in detail [17] and
Julie H. Lefebvre who provided the wave functions for the stadium billiard [18], we developed
a new measure that quantifies phase space localization and connects the localization to clas-
sical orbits of the system. We also related the variance of the changes of the eigenenergies
with respect to a parameter to classical diffusion coefficients [19].

The second part of this dissertation deals with conductance through quantum dots in the
Coulomb blockade regime [20]. A quantum dot is a mesoscopic device that confines a 2D
electron gas into a small region by the use of gates. When a voltage difference is applied to
the leads, current would normally flow through the dot. The Coulomb blockade regime of a
quantum dot consists of two tunneling barriers between the leads and the dot. Because of
the tunneling barriers, electrons can become localized on the dot. This localization causes a
potential barrier due to the Coulomb force that blocks the flow of additional electrons onto
the dot, hence, the name “Coulomb blockade.” Current will only flow when the energy of
the dot is unchanged as an additional electron is added. Thus, the conductance only occurs
at discrete values of the gate voltage in the zero temperature limit. Assuming the eigenstates
of the dot are ergodic, the distribution of the conductance peak heights was shown to obey
Porter-Thomas statistics [21].

Applications for quantum dots, also known as single-electron transistors or artificial
atoms, are fast emerging, so understanding their properties is becoming increasingly im-

portant. With the miniaturization of electronic circuits, single-electron transistors are a






